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1 Introduction

A fixed point problem is that of finding a point x € X such that T(x) = x, where T:X -
Y is a map and X € Y . The famous Banach fixed point theorem (also called the
contraction mapping principle) states that every contraction mapping defined on a
complete metric space into itself has a unique fixed point (see, e.g., [1]). The
Brouwer fixed point theorem, [7], states that if f:B = B is a continuous function and
B a closed ball in R?, then f has a fixed point. These are some of the well-known, in
fact some of the most celebrated theorems in fixed point theory. The numerous
applications of fixed point theory, perhaps, are the reason why it attracts the
attention of many researchers. The applications are found in such areas as, theory
of Ordinary and Partial Differential Equations, Integral Equations, Integro-
differential Equations, Optimization, Evolution equations and many others (see, e.g.,
[1], [10]). To solve many problems in these areas, one may be able to rewrite the
problem as a fixed point problem for some appropriate map in some appropriate
domain. For instance, to show that the equation

X2-2=0 (1.1)

has a solution in R, one may consider the function
Tx=x2+x-2,X€ER
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It is immediate that x is a solution of the equation (1.1) if and only if x is a fixed point
of T. A fixed point problem normally has two parts :

 existence/uniqueness of a solution and
¢ obtaining a solution.

The Banach fixed point theorem addresses both existence / uniqueness and
obtaining a solution questions. This, among other reasons, is what makes it famous
(see, e.g., [2]). To address the question of obtaining a solution (of fixed point or
other problem), the notion of iterative algorithms is developed. The study of fixed
point of multi-valued maps has attracted the interest of so many mathematicians
(and researchers from other fields), where a point x € D(T) € X is a fixed point of a
multi-valued map T: X - 2Xif x € Tx

(see, e.g., [2], [17], [9], [14], [16]). This is partly due to the fact that many problems
in some areas of mathematics such as Convex Optimization, Game theory,
Variational Inequality Problems (VIP), etc. can be written as fixed point problems for
multi-valued maps. As in the case of single-valued, there are two questions with
regard to fixed point problems of multi-valued map:

e does a solution exist?

¢ if a solution exists, how do we obtain it?

For instance in Convex optimization one seeks to:

{ Min f(x)

whereH is a Hilbert space and f: H— R U {+o0} is convex.
Define df :H — 2 by

9flx) ={y € H: <y,u-x> < flu) - f{x) Yu € H}
Then x is a zero of df (i.e., 0€df(x)) if and only if x solves (MP). Indeed,

0 € df(x) <Qu-x><flu)-f(x) VueH
0<flu)-flx)VueH
fx)sfluyVueH

xis a global minimizer of f.

Tt 0¢0°Q
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Observe that finding a zero of df is equivalent to finding a fixed point of the multi-
valued map T :=I - df, where [ is the identity map of H.
Indeed,

x€Tx & x=x-uforsomeu € df(x)
< 0=uforsomeu € df(x)

& 0€f)

Thus, solving the unconstrained optimizations problem (MP) is reduced to finding a
fixed point of some multi-valued map.

1.1 Iterative algorithms for single-valued maps

Theorem 1.1(Banach fixed point theorem, see, e.g., [1], [10] )Let(X,d) be a complete

metric space andT : X — X be a contraction, i.e., there existsk € [0,1) such

thatd(T(x),T(y)) < kd(xy) for all x,y€ X. Then Thas a

unique fixed point. Moreover, the sequence{x,}
generated iteratively by

Ty € Af,

Topr =Tz, n 20

(BFT)

from arbitraryxo € X converges to the unique fixed point of T.

The theorem above is perhaps the most applicable theorem in fixed point theory.
This is, partly, due to the fact that it guarantees the existence and uniqueness of the
fixed point and it gives a simple algorithm which converges to unique fixed point.
Moreover,the error estimate in the convergence is 1.

Despite the simplicity and numerous applications of the Banach fixed point
theorem, one may not be able to apply it if the map is not a contraction. For
example if the map is non-expansive. In fact if K is closed nonempty subset of a
Banach space (therefore complete), a non-expansive map T :K — K may not have a
fixed point. For instance, T : [0,00] — [0,00], Tx= 1+x. This map has no fixed point
even though [0,00] is complete and T is non-expansive. If X is a normed linear space,
T :K — K is a non-expansive map and K is convex. The iterative sequence generated
by xne1= (1 = A)xa+ ATx,which was given by Schaefer was used with a lot of success
in approximating fixed point of non-expansive maps. See the monograph of
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Chidume ([1], Ch. 6). In trying to extend the result of Banach (1.1) which was given
in 1922, to the setting of non-expansive maps, Browder in 1967 proved the
following theorem:

Theorem 1.2 (Browder theorem [4])Let Hbe a Hilbert space H and let Dbe a
bounded, closed and convex subset H. IfT :D — D is a non-expansive map, {t.} C
(0,1) : t,—= 1, then sequence{x,}

generated by

w€ D fived,
Ty =tpu+ (1 —t,) Tz, neN

(BT)

converges to a fixed point of T.

e Theorem 1.2 addresses both the question of existence and that of
obtaining a fixed point. Although, the theorem required the domain to be
bounded, which is a huge restriction and the scheme is not iterative, it has
provided the chance to have existence as well as obtaining fixed point of a
map which is more general than the contraction in the setting of a Hilbert
space. Naturally, it is desirable to obtain a similar result in a more general
Banach space. To this end, Reich in [15] obtained the following theorem in
1980.

Theorem 1.3 (Reich, [15])Let X be a uniformly smooth real Banach space and let

Dbounded, closed and convex subset of X. IfT :D — Dis a nonexpansive map,.

(RT)
{ w e I fixed
ro=1Te:  +(1-0uyte (0,1)

Then the sequence{x;} converges to a fixed point ofTas t - 1-
e Reich extended the result of Browder to a setting of uniformly smooth
Banach space, which is more general than Hilbert space. It is worthy of
mention here that to prove both Theorem 1.2 and Theorem 1.3, Banach
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fixed point theorem (Theorem 1.1) has to be used. This further indicates
the indispensability of the theorem. In continuation of the quest for better
and sharper result, Morales and Jung extended the result of Riech to a
more general one. They were able to give a profound generalization in two
directions:

1. with regard to the map,
2. with regard to the space.

Precisely, they proved the following theorem:

Theorem 1.4 (Morales and Jung, [3])Let X be a reflexive Banach space which has
uniformly Ga"teaux differentiable norm and K be a nonempty, closed and convex
subset ofX andT : K — K be a pseudo-contractive mapping withF(T) # @. Suppose
that every nonempty closed convex bounded subset of K has a fixed point property
for  non-expansive mappings. Then there

exists a continuous patht — z, satisfying
ze K,

y =tTy, + (1 —t)z,t € [0,1)

M)

Then the sequence{y:} converges strongly to a fixed point ofT.

1.2 Iterative algorithms for multi-valued maps

Researchers have devoted a lot of time to see how much of the result which were
obtained in the fixed point theorem of single-valued maps (see, [2], [1], [17], [9],
[14], [16]) can also be obtained for the multi-valued settings. Certainly, a lot of
challenges were faced and are still being faced due to the complexity of the multi-
valued situation. In this direction Pietramala in [9] gave an example which shows
that Browder’s Theorem 1.2 cannot be extended to multi-valued settings. Very
recently, Ofoedu and Zegeye (see, [17]) obtained the multi-valued version of the
theorem 1.4 of Morales and Jung. They proved the following lemma:

Lemma 1.1 (Ofoedu and Zegeye, [17])Let Dbe a nonempty, open and
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convex subset of a real Banach space X. Assuming thatT : D — CB(X) is a multi-

valued continuous (with respect to the hausdorff metric), bounded — and

pseudo-contractive mapping satisfying weakly inward condition andu € D be

fixed. Thenforte (0,1) thereexistsy:€ D satisfyingy:€ tTy:+ (1 - t)u. Ifinaddition, X is

reflexive and has uniformly Ga’teaux differentiable norm and

is such that every closed, convex and bounded subset ofD has the fixed point
property for non-expansive self mapping, thenT has a fixed point if and only if{y:}
remains bounded ast — 1; moreover, in this case, {y:} converges strongly to a fixed
point of T ast — 1.

This marked a serious breakthrough in extending results which were known in
single-valued setting to multi-valued setting. Utilizing this Lemma (1.1), Ofoedu and
Zegeye were able to develop an algorithm which converges strongly to a fixed point
Lipschitzs pseudo-contractive maps in the setting of reflexive real Banach space
having Ga"teaux differentiable norm. In fact they proved the following
theorem: -

Theorem 1.5 (Ofoedu and Zegeye, [17])Let Xbe a reflexive real Banach space having
a uniformly Gateaux” differentiable norm, Dbe a nonempty, open and convex subset
of X, such that every closed, convex, bounded and nonempty subset of Dhas the
fixed point property for nonexpansive self-mapping.LetT :D — K(D) be a pseudo-
contractive Lipschitzian mapping with constantL >0 andletu € D befixed. Let{x,} be a
sequence generated iteratively from

arbitraryxo € D, wo € Txo by
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wy, € T,
Tpy1 = (1 = Ap)x, + Apwn — Al (z, — x0)
(02)

Suppose that||wp-wp-1||= dWa-1,Txa)n =2 1. If F(T) # @. Then{x,}
convergesstronglyto a fixed point of T.

Even though Theorem 1.5 above has provided an algorithm that generates a
sequence which converges strongly to a fixed point of a multi-valued map,
Chidumeet al. in [2] made the following observations:

Remark 1.1
1. To establish convergence of the scheme (0Z) in Theorem 1.5, the authors

assumed that||[wy,— wp-1||= d(wn-1,Tx,) for alln = 1. A sufficient condition to
guarantee this is to assume that for eachx, the setTxis proximinal. In this
additionTxis convex andE is for example, a real Hilbert space,

suchwyischaracterized as follows:

<Whp-1 = Wp,Wn— Up> = 0 Yu, € Txp.

Consequently, this condition requires that a sub-programme be constructed

to first compute wyat each step of the iteration process.

2. Nadler remarked in [14] that requiring a multi-valued mapping to be Lipschitz
is placing a strong continuity condition on the mapping. They (the authors in
[2]) sought to weaken this condition. In fact, the Lipschitz condition of the
mapT in Theorem 2.1.5 was weakened to continuity and boundedness of the

mapT.

Moreover, in many applications, the real Banach space X is either an L,-space, avy
-space, 1 < p <oo, m 2 1, or a Hilbert space. As has been remarked before, all these
spaces are g-uniformly smooth and reflexive. With these above remarks in their
mind, it was the purpose in the paper [2] to prove strong convergence theorems for
fixed point of multi-valued bounded continuous pseudocontractive maps defined on
g-uniformly smooth real Banach spaces. They used the recursion formula in
Theorem 1.5, dispensing with the restriction that ||w,— Wy-1|| = d(Wn-1,Tx,) Vn = 1.
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Furthermore, their iteration process, in the setting of g-uniformly smooth real
Banach spaces, is direct, much more applicable than the process in (OZ) since it does
not require the creation of a sub-programme to first compute wyat each step of the
iteration process. In particular, in g-uniformly smooth real Banach spaces, their
theorems extend Theorem 1.5 (of Ofoedu and Zegeye) from multi-valued lipschitz
pseudo-contractive mappings to the much more general class of multi-valued
continuous, bounded and pseudo-contractive mappings. They proved the following
theorem :

Theorem 1.6 (Chidumeet al., [2])Let Xbe a g-uniformly smooth real Banach space

and Dbe a nonempty, open and convex subset of X. Assume that

T :D - CB(D) is a multi-valued continuous (with respect to the hausdorff

metric),bounded and pseudo-contractive mapping withF(T) # @. Let{x,} be

asequence generated iteratively from arbitraryx; € D by
(CcCDM)
Uy € Ty,
Tp41 = (1 - /\u):l-'n + /\nun - /\,,9,, (ivn - 351)3 n=>1

Then, there exists a real constanty,>0 such that if

/\-r:;r._l < vobh, Vn = 1'

the sequence{x,} converges strongly to a fixed point of T.

In this paper, motivated by the above theorem 1.6, we were able to provide an
application of the theorem in convex optimization problem. However, we were able
to show that finding a solution of a convex optimization problem is equivalent to
finding a fixed point of some multi-valued maps.
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2 Preliminaries and Results

Remark 2.1We note that every Hilbert space is 2-uniformly smooth. Indeed, the

modulus of smoothnesspyof any Hilbert space is given bypu(t) = (1 +

gy 1 .
7%)2 — 1,7 > Owhichgivespy(t) < 72 (see, e.g., [8]).

Remark 2.2

1. In every nonempty normed linear spaceX, J;(x) # @ from one of the

consequences of Hahn-Banach Theorem.
2. The generalized duality map is the identity map when Xis a real Hilbert space.

Definition 2.1 (Sub-differential function) Let Hbe Hilbert space and let Dbe a
nonempty convex subset of H. Supposef:D = R U {+oo} is a convex function. The

sub-differential function of f, df :H — 2is defined by

0f(x) ={y € H :f(u) =2 f{x) + <y,u-x>Vu € H}

Remark 2.3
1. Elements of the sub-differential of fare called the sub-gradients of f.

2. Sub-differential function is maximal monotone.

Lemma 2.1Let X be a normed space and let A be an open subset of X. If f:A = R has a
local minimum or local maximum at a € A and f'is Ga"teaux
differentiable at a, then D¢f(a) = 0.

Proof: Suppose f has a local maximum at a point a € A. It follows that there exists
some r >0 such that B(a,r) € A and f(x) < f{a) Vx € B(a,r).
Therefore, for all xin Xy 6= 0 we have

fla+ty) — fla) S0V e (U‘ H:—;’H)
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ty) — fla i
tim L@EW) — 1@ oy ¢ x, -
Thus,t—0 t Hence, Dgf(a)(y) < 0 Vy € X. This implies

D¢fla)(-y) < 0 Vy € X since D¢f(a) € X*. We have Dgf(a) = 0 Vy € X and therefore,
D¢f(a)(y) =0VyeY.

Lemma 2.2Letf: A € X — R be a convex function on an open subset A of a normed

spaceX and Ga"teaux differentiable atx in A thendf(x) = {D¢f(x)}.

Remark 2.4
1. When fis Ga"teaux differentiable, it is usual to writedf(x) = D¢f(x).

2. Also, forf: A € X — R differentiable, it is usual to denote by Vfthe

derivativeof f.

Now, we take the following preliminaries:

Lemma 2.3Let f:H — R be a convex and Gateux differentiable function.Then fora €
H, a is a minimizer of fif and only iffs° (a) = 0.

Proof:
(=) Suppose fg° (x0) = 0. We show that x¢is a global minimizer. Now let x € H and
let A € (0,1). By convexity of f,

fAx+ (1 - Axo0) < AM(x) + (1 - A)f(x) = Mx) +
fxo) = M)

By rearranging this we have f{Ax+ (1 - A)xo) - f{xo) < A(f(x) - flxo))-
Dividing through by A and taking limit as A —» 0+ we have,

= lim J(@o + Az —x0)) — f(zo)
A—=04 )‘

J&(wo)(x — o) < f(z) — f(zo) Ve € H

From our hypothesis £z (xo) = 0 so that we obtain 0 < f{x) - f{xo) Vx € H. This shows
that f{xo) < f{x) Vx € H. So xpis a global minimizer of f. Hence the result.

(&) Suppose xp € C is a minimizer, goal is to show that fz? (xo) = 0. This was shown
in Lemma 2.1. Hence the proof.
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Lemma 2.4let f :H — R be a convex function. If f is bounded on bounded sets,
thenfor all x€ H andforallp >0, fis Lipschitz onB,(xo).

Let xo € H and let p >0. We find L >0 such that Vxy€ B,(xo), |[f(x) - f)I| < L||x -
y//. Since f bounded on bounded sets, there exists some m >0 such that ||f(x)|| £ m

Vx € B,(xo). Now let™¥ € B (£0) Then

lz—yll = llz—=z0+z0—yll
<z — ol + |ly — ol
PP
< L
= 1
_ P
5"
Therefore, |l —yll < 2 We observe that
2| — 2z — T — 1
e Kl_ [l yll)y+ llz — yll (y+g (@ y))
p p 2w —yll ),
llz —yll
-yl <5 02— <1
Since 2, we have P . Therefore,

[ P ]
(1 - M) fly) + Mf (y+ §H)

oy 4 2z =l A ) AN
)+ A (v 552 — ).

1A

IA

(by convexity of f)

Now we have

oy < e =yl (P E—y) .
@)~ 1) < A (f(;+ —) o)

2|z -yl
Observing that,
p(x—y) ‘ p(xz—y) H
vyt —To| = —To+ 3
‘ 2 |lz -yl 2 |lz -yl
< r—a+ g5
by = zoll + |13 1=y
p P
<« £ F
- 4 + 2
_ 3
4 — 5
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) —1
(',E,-‘ iL Q) S Bi_g (;L’(;}
we have that 2 ||z -y ? . Using the fact that fis bounded

on bounded sets, it follows that there exists some m € R, m >0 such that

u € Bay(xo). So, f (y + Eu) <m

Ifu)| < m for all 2z =yl ) = Thus, Ax)-fy) <
2|z —1 i 2ly — x
—”‘ y"m. fly) — flx) < —”‘U dl m.
P Following similar arguments we have P
2m 2m
|f(x) = f)l < —llz—y| L=—>0
Therefore, P .Setting g , we conclude that

IAX) - fY)] < Llx-ylfor ali®>¥ € Bz (20) since p was arbitrarily chosen, the result
follows.

Lemma 2.5 ([6], Ch. 16)Let H be a real Hilbert space and letf:H — R be

convex and differentiable. Suppose f is bounded on bounded set, then the

gradientmap Vf:H — H is bounded on bounded subset of H.

Lemma 2.6Suppose H is a Hilbert space. If A :H — 21 js monotone, then
(I - A) is pseudo-contractive.

Proof

Let A :H — 2" be monotone. Then by definition <u - v,x-y>> 0 Yu € Ax, v € Ay. Our
goal here is to show that I —A is pseudo-contractive. Now, define T :=I — A, we recall
from Remark 2, J, = I (the identity map on H) for real Hilbert spaces. Therefore, for
xy€E H,u € Txandv € Ty,

<u -vJ(x-y)>

<u -vI (x-y)>
= <U-Vvx -y>

= <X-Uu-y+vx-y>u€Ax, vedy
= <x-y-(u-v)x-y>u€Ax,veAy
= <X-YX-y>-<u-vx-y>Uu€Ax veEAy.

So we have,
<u -vJ(x-y)><||x-yl|2-<u-vx-y> u € Ax, v € Ay.

From hypothesis, <u — v,x-y> = 0 Yu € Ax, v € Ay. Therefore, <u” - vJ (x-y)> < ||x
-y||2. This shows that T is pseudo-contractive. Hence the result.
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Lemma 2.7 ([6], Ch.1)LetX be a normed linear space. Suppose Ais a nonempty
subsetofX. Amapf:4 — R U {+0} is lower semi-continuous if and only if for every x €
A and{xy} € 4, x,— x implyf(x) < liminff{x,). n»eo

Lemma 2.8 ([13])LetX be a real Banach space. Supposef:X = RU{+o0}

is convex, proper (i.e., f{xo) <oo for somex, € X) and lower semi-continuous.

Then the sub-differential of fis maximal monotone.

2.1 Application

Theorem 2.1letf :H — |Rbe a convex, bounded and continuously Fre’chet

differentiable function on a Hilbert spaceH. Let{x,} be a sequence inH

r1 € H arbitrarily
Tpyl i= Ty — /\;,,Vf(.’l,‘.,,_) — /\?!9.” (;1.'”_ — i‘l) n Z 1

generatediteratively by

(4)

’

where{A,} and {0,} are sequences in (0,1) satisfying the following conditions:

(1) An(1 + 65) <1; (ii)

lim9n: 0; n—co

(o]

(i) LAnOn= 00, 1= 0(6n);

n=1

On=1 _ )
iv i S = 2
(iv) n]n}iéc( W ) =0, E A5, < oc

n=1
Then, there exists a real constantyo>0 such that ifA?,1 < Y00, ¥n =2 1 andf has
aminimizer, then the sequence{x,} generated by the scheme(4:) converges to
aminimizerofH.

Proof:
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Using the scheme in (A1),

Xn+1: = Xn— An V{xn) = AnBOn(xn— x1)

= Xn= AnXn* AnXn= A M(Xn) = AnOn(Xn— X1)
= Xn— AnXn+ An(Xn— V(Xn)) = AnBn(xn— x1) = (1 = An)xn+
An(I = VPxn— AnBn(xn— x1).

Setting T :=I = V}, we have X,.1= (1 = An)xa+ AaWn— A,0n(Xn— x1) for some w,E
Tx,which is exactly the scheme in Theorem 1.6, where our map T here is singled-
valued. We note that

Tx*=x* o x - Vx)=x*

< Viix) =0.

Therefore by lemma 4.1.7 x* € F(T) if and only if x*is a minimizer of fon H. It is
enough, therefore, to show that {x,} converges to a fixed point of T. To do this, we
employ theorem 1.6.

Space requirement: The authors in [2] worked on a nonempty, open and convex
subset D of a g-uniformly smooth real Banach space X. We have a real Hilbert space
H, i.e., X = H, and we take D = H. It is well known that every Hilbert space is 2-
uniformly smooth space (see Remark 2.1). So, this condition is satisfied. Also H is
open convex and nonempty. So the space requirement is satisfied.

Map requirements: In Theorem 1.6 the map used is a multi-valued continuous,
bounded and pseudo-contractive mapping. We need to show that the map used in
the application (A1) also satisfies all these conditions. Since our map T is single-
valued, we have Tx= {x - V/{x)} which is closed and bounded (singleton sets are
closed in every metric space). Thus Txe CB(H).

We now need to show that the map T :=I - Vfis bounded. Now, let B be a bounded
subset of H. Then we can find some m; >0 such that

||1x]] £ mi1Vx €B.

By Lemma 2.5 Vfis indeed bounded, i.e., there exists some m; >0 such that
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|| Vx)k||< m,Vx € B.

Forx € B,

1Tx]| =PI

[1x =
[1x]] + [IVAx)|| (by triangular inequality)

IN

< miq+ msy.

Thus, the map T is bounded.

For pseudo-contractiveness, Vfis maximal monotone (from the property of the sub-
differential function in Remark 2.3) and continuous from the hypothesis. Clearly by
Lemma 2.6 I —Vf'is pseudo-contractive. Also, I (the identity function) is a continuous
function and the difference of two continuous functions is also a continuous
function. Thus the map T :=I — VFis continuous. In Theorem 1.6, it is assumed that
the set of fixed points is not empty. We assumed that the minimization problem has
a solution. Since the fixed point set of T is the same as the set of the minimizers of
fover H, we have that the fixed point set of T is nonempty. Thus, all the map
requirements are satisfied.

We therefore conclude that {x,} converges to a fixed point of T which is a minimizer
of f. This completes the proof.

Corollary 2.1.1Letf :R"— R be a convex and continuously differentiable function on
afinitedomain. Let{x,} be a
sequence inD(f) generated

iteratively by
xy € H arbitrarily
Tpt1 = Tp — AV (2n) — Anbn(x, — 1)

(AC)

Where{A,} and{6,} are sequences in (0,1) satisfying the following conditions:
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(1) An(1 + 6y) <1; (i)

lim0n= 0; n—-oo

(o]

(i) ZAnB,= 00, A= 0(6,);

n=1

9=l 1
(H‘) Iilll\ (T) = U Z /\‘N < oQ

n=1

Then, there exists a real constant yo>0 such that ifA4,"! < Y6, Vn = 1 andT
hasaminimumonD(T) then{x,} converges to a minimizer ofR".

Proof:
Because of the fact that Rrwith the Euclidian norm is a Hilbert space, the proof
follows directly from the proof of (2.1).
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